
 1 

ORBIT ESTIMATION STRATEGY FOR LOW EARTH ORBIT AND 
GEOSTATIONARY SATELLITES 

Abdulkadir Köker* and Ozan Tekinalp† 

Middle East Technical University, Ankara, 06800, Turkey 

In this paper, an orbit determination strategy that uses non-recursive batch filter, 

and unscented Kalman filter methods is presented and utilized for satellite orbit 

determination. For the orbit determination system, the range, azimuth, and eleva-

tion angles of the satellite measured from ground tracking stations are used for 

observations. An efficient filter initialization algorithm using the Gibbs method is 

also proposed to provide an initial state estimate. The non-recursive batch filter is 

applied to improve initial conditions and to provide initial covariance. Finally, the 

unscented Kalman filter is used for recursive nonlinear estimation of the states of 

an Earth-orbiting satellite. The effect of measurement noise and observation du-

ration on orbit determination accuracy is also investigated, and presented. 

INTRODUCTION 

In orbit determination process, two categories of estimators are used: batch filters and sequential 

filters. The batch filter accumulates all the measurement first and processes it simultaneously. The 

sequential filter continuously updates the state vector to provide a better estimate at each epoch. 

The batch filter is usually applied for off-line applications such as precise orbit determination for 

satellite. In on-line applications, the sequential filter is typically used for the state estimation. In 

both methods, filter initialization is an important problem. In order to overcome this problem and 

to determine initial orbit information, Gibbs method for Geostationary (GEO) satellites and Her-

rick-Gibbs method for low earth orbit (LEO) satellites may be applied to provide initial position 

and velocity by using three position vectors. However, Kalman filter also requires covariance in-

formation of the initial state to start the estimation process.  Lee and Alfriend, in their work, imple-

mented Herrick-Gibbs method and Monte Carlo simulation to generate a good initial condition and 

uncertainty for LEO satellite4. However, this approach requires truth reference orbit information 

not generally available in the real world. Instead a nonlinear batch least square method is applied 

to improve initial conditions from Gibbs and Herrick-Gibbs methods and also to estimate initial 

covariance information. In this way, without dependence on truth data, initial uncertainty can be 

generated for real time applications. Then, the unscented Kalman filter (UKF) can be efficiently 

initialized to estimate position, velocity and desired satellite or observation parameters. 

In this work, orbit estimation of GEO and LEO objects using ground station angles and range 

measurement is addressed. Various factors, such as measurement noise, observation duration in 

estimating the orbit accurately is investigated. Proposed method including combination of Gibbs 
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and Herrick-Gibbs methods, nonlinear batch least square and unscented Kalman filter is also pre-

sented and its efficiency is investigated. 

In the following the observation method and mathematical models are given first.  Then, esti-

mation algorithms used are presented.  Simulation results are given and discussed next.  Finally, 

conclusions are given. 

METHOD AND MATHEMATICAL MODELS 

The orbit determination problem is to estimate accurately orbit of a satellite by using sensor 

measurements. Solving the orbit determination problem requires1: 

 Equations of motion describing the forces acting on the satellite, 

 The relationship between the observed parameters and the satellite’s state vector 

 An estimation algorithm.  

Force Models 

The equations of motion for an Earth orbiting satellite are given by  

 �̇� = 𝒗 (1) 

 �̇� =
−𝜇

𝑟3
𝒓 + 𝒂𝒈𝒆𝒐 + 𝒂𝒕𝒉𝒊𝒓𝒅−𝒃𝒐𝒅𝒚 + 𝒂𝒅𝒓𝒂𝒈 + 𝒂𝑺𝑹 (2) 

where r and v are the position and velocity vectors in the inertial frame. 𝒂𝒈𝒆𝒐 is the geo-potential 

force due to the gravitational force of the Earth. 𝒂𝒕𝒉𝒊𝒓𝒅−𝒃𝒐𝒅𝒚 is the lunar/ solar gravitational pertur-

bation 𝒂𝒅𝒓𝒂𝒈 is the atmospheric drag force. 𝒂𝑺𝑹 is the force due to solar pressure on satellite. In 

current work, all the equations of motion are numerically integrated by the Runge–Kutta fourth-

order fixed step numerical integrator. 

Measurement Models 

A ground tracking station that measures a range, azimuth and elevation of a satellite in orbit is 

shown in Figure 1.  

 
Figure 1. Geometry of Earth observation of satellite motion1 
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𝝆 is the slant range vector, r is the radius vector locating the satellite, 𝐑𝐬 is the radius vector locating 

the ground tracking station, 𝛼𝑠 and 𝛿𝑠 are the right ascension and declination of the satellite, re-

spectively, 𝜃𝑠 is the sidereal time of the ground station, 𝜆𝑠 is the latitude of the ground tracking 

station, and 𝜑𝑠 is the east longitude from the ground tracking station to the satellite. The fundamen-

tal observation is given by1 

 𝝆 = 𝒓 − 𝑹𝒔 (3) 

 

In non-rotating equatorial components the vector 𝝆 is given by1  

 

𝝆 = [

𝑥 − |𝐑𝐬| cos 𝜆𝑠 cos𝜃𝑠

𝑦 − |𝐑𝐬| cos 𝜆𝑠 sin 𝜃𝑠 

𝑧 − |𝐑𝐬| sin 𝜆𝑠

] 

(4) 

 

where x, y, and z are the components of the vector r. The ground tracking station coordinate system 

(up, east and north) is described in Figure 1. The conversion from the inertial to ground tracking 

station coordinate is given by1  

 

[

𝜌𝑢

𝜌𝑒

𝜌𝑛

] = [
cos 𝜆𝑠 0 sin𝜆𝑠

0 1 0
−sin 𝜆𝑠 0 cos𝜆𝑠

] [
cos 𝜃𝑠 sin𝜃𝑠 0

− sin 𝜃𝑠 cos 𝜃𝑠 0
0 0 1

]𝝆 

(5) 

 

A ground tracking station measures the azimuth (az), elevation (el), and range (ρ). The measure-

ment equations are given by3 

 

 𝜌 = √𝜌𝑢
2 + 𝜌𝑒

2 + 𝜌𝑛
2 (6) 

 

 𝑎𝑧 =  tan−1 (
𝜌𝑒

𝜌𝑛
) 

(7) 

 

 
𝑒𝑙 =  tan−1 (

𝜌𝑢

√𝜌𝑛
2 + 𝜌𝑒

2
) 

(8) 

 

 

ORBIT DETERMINATION ALGORITHMS 

Gibbs Method 

Gibbs method was proposed in 1889 by Josiah Gibbs. It uses three position vectors, and a geo-

metric approach to determine the velocity of the middle position2. There are two major assumptions 

used for Gibbs method: the three position vectors are time sequential and co-planar. Using three 

time sequential position vectors (𝑟1, 𝑟2, 𝑟3), Gibbs method defines the three vectors 
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 𝑁 = 𝑟1(𝑟2 𝑥 𝑟3) + 𝑟2(𝑟3 𝑥 𝑟1) + 𝑟3(𝑟1 𝑥 𝑟2) 

𝐷 = (𝑟1 𝑥 𝑟2) + (𝑟2 𝑥 𝑟3) + (𝑟3 𝑥 𝑟1) 

𝑆 = 𝑟1(𝑟2 − 𝑟3) + 𝑟2(𝑟3 − 𝑟1) + 𝑟3(𝑟1 − 𝑟2) 

 

(9) 

The estimated velocity of the middle observation, 𝑣2 is defined as 

 𝑣2 = √
𝜇

𝑁𝐷
 [
𝐷 𝑥 𝑟2 

𝑟2
+ 𝑆] 

 

(10) 

A detailed derivation of the Gibbs method may be found in Reference 2. 

Herrick-Gibbs Method 

Herrick-Gibbs method was proposed by Sam Herrick. Its main purpose is to apply Gibbs method 

to initial orbit determination problems when the track length between the position vectors are very 

small. Defining ∆𝑡𝑖𝑗 as the difference between times of observations i and j, the following expres-

sion for 𝑣2 may be derived  

 
𝑣2 = −∆𝑡32 [

1

∆𝑡21∆𝑡31

+
𝜇

12𝑟1
3] 𝑟1 + (∆𝑡32 − ∆𝑡21) [

1

∆𝑡21∆𝑡32

+
𝜇

12𝑟2
3] 𝑟2

+ ∆𝑡21 [
1

∆𝑡32∆𝑡31

+
𝜇

12𝑟3
3] 𝑟3  

 

(11) 

A detailed derivation of the Herrick-Gibbs method may be found in Reference 2. 

 

Unscented Kalman Filter 

 
UKF is a derivative-free alternative to the extended Kalman filter (EKF), provides better per-

formance for highly nonlinear systems. In orbit determination problem, orbit mechanics include 

very nonlinear force models. Therefore, UKF addresses nonlinearity problem by using unscented 

transformation (UT). UT is a method for calculating the statistics of a random variable which un-

dergoes a nonlinear transformation3. Consider propagating a random variable 𝑥 (dimension, 𝐿) 

through a nonlinear function, (𝑥) . Assume 𝑥 has mean �̅� and covariance 𝑃𝑥 . To calculate the 

statistics, we form a matrix 𝑋  of 2𝐿 + 1 sigma vectors (with corresponding weights 𝑊𝑖), according 

to the following3: 

 𝑋0 = �̅� 

𝑋𝑖 = �̅� + (√(𝐿 + 𝜆) ∗ 𝑃𝑥)
𝑖
     𝑖 = 1,… , 𝐿 

𝑋𝑖 = �̅� − (√(𝐿 + 𝜆) ∗ 𝑃𝑥)
𝑖−𝐿

 𝑖 = 𝐿 + 1,… ,2𝐿 

𝑊0
(𝑚) = 𝜆 (𝐿 + 𝜆)⁄  

𝑊0
(𝑐) = 𝜆 (𝐿 + 𝜆)⁄ + (1 − 𝛼2 + 𝛽) 

𝑊𝑖
(𝑚) = 𝑊𝑖

(𝑐) = 1 (2(𝐿 + 𝜆)⁄ )    𝑖 = 1,… ,2 𝐿 

(12) 
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where 𝜆 =  𝛼2(𝐿 + 𝜅) − 𝐿  is a scaling parameter. 𝛼 determines the spread of the sigma points 

around �̅� .  𝜅  is a secondary scaling parameter which is usually set to 0, and  𝛽  is used to incorpo-

rate prior knowledge of the distribution of (for Gaussian distributions 𝛽 = 2 , is optimal).  

(√(𝐿 + 𝜆) ∗ 𝑃𝑥)𝑖
 is the 𝑖th row of the matrix square root. These sigma vectors are propagated 

through the nonlinear function, 

𝑦𝑖 = 𝑓(𝑥𝑖)  𝑖 = 0,… ,2𝐿, 

and the mean and covariance for 𝑦 are approximated using a weighted  sample mean and covariance 

of the posterior sigma points, 

 

�̅� =  ∑𝑊𝑖
(𝑚)

𝑦𝑖

2𝐿

𝑖=0

 

(13) 

 

 

𝑃𝑦 = ∑𝑊𝑖
(𝑐)

(𝑦𝑖 − �̅�)(𝑦𝑖 − �̅�)𝑇

2𝐿

𝑖=0

 

(14) 

 
In state estimation process, UKF has two main part; first one is state prediction, which is orbit 

propagation in the current problem, and the second one is updating state with measurements, which 

are the azimuth angle, elevation angle and range.  

Basic framework of nonlinear dynamic systems for Kalman filter can be written as  

 𝑥𝑘+1 = 𝐹(𝑥𝑘 , 𝑢𝑘 , 𝑡𝑘) + 𝑤𝑘 (15) 

 𝑦𝑘 = 𝐻(𝑥𝑘 , 𝑡𝑘) + 𝑣𝑘 (16) 

where 𝑥𝑘 is state of nonlinear system, 𝑦𝑘 is measurement, 𝑢𝑘 is input, 𝑤𝑘 and 𝑣𝑘 are process and 

measurement noises respectively. In standard orbit determination process, states are positions and 

velocities, 

 

𝑥𝑘 =

[
 
 
 
 
 
𝑥
𝑦
𝑧
𝑣𝑥
𝑣𝑦

𝑣𝑧]
 
 
 
 
 

 

(17) 

measurements are azimuth, elevation angles. 

 
𝑦𝑘 = [

𝑎𝑧
𝑒𝑙
𝑟

] 
(18) 

 

𝐹 represents system functions related to equation of motion for satellite. H is measurement func-

tions related to conversion between states (positions) to azimuth (az), elevation (el) angles and 

range(r). UKF equations are given with assuming addictive noise in Figure 2 : 
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Initialize with: 

𝑥0 = 𝐸[𝑥0] 

𝑃0 = 𝐸[(𝑥0 − 𝑥0)] 

for    𝑘 ∈ {1,… , ∞}, 

Calculate sigma points: 

 

𝑥𝑖|𝑘 = [𝑥𝑘  𝑥𝑘 ± (√(𝐿 + 𝜆) ∗ 𝑃𝑘)
𝑖
]     𝑖 = 1,… ,2𝐿 

where L is the state dimension 

 

Time (state) Update: 

 

�̅�𝑖|𝑘+1 =  𝐹(𝑥𝑖|𝑘 , 𝑡𝑘)  

�̅�𝑘+1 = ∑𝑊𝑖
(𝑚)

�̅�𝑖|𝑘+1

2𝐿

𝑖=0

 𝑖 = 1,… , 𝐿 

 

�̅�𝑘+1 = ∑𝑊𝑖
(𝑐)

(�̅�𝑖|𝑘+1 − �̅�𝑘+1)(�̅�𝑖|𝑘+1 − �̅�𝑘+1)
𝑇

2𝐿

𝑖=0

+ 𝑄𝑘+1 

Measurement Update: 

𝛾𝑖|𝑘+1 =  𝐻(�̅�𝑖|𝑘+1, 𝑡𝑘+1)  

 

�̅�𝑘+1 = ∑𝑊𝑖
(𝑚)

𝛾𝑖|𝑘+1

2𝐿

𝑖=0

 𝑖 = 1,… , 𝐿 

 

�̅�𝑦
𝑘+1 = ∑𝑊𝑖

(𝑐)
(𝛾𝑖|𝑘+1 − �̅�𝑘+1)(𝛾𝑖|𝑘+1 − �̅�𝑘+1)

𝑇 + 𝑅𝑘+1

2𝐿

𝑖=0

 

Cross covariance: 

�̅�𝑥𝑦
𝑘+1 = ∑𝑊𝑖

(𝑐)
(�̅�𝑖|𝑘+1 − �̅�𝑘+1)(𝛾𝑖|𝑘+1 − �̅�𝑘+1)

𝑇

2𝐿

𝑖=0

 

 

𝐾𝑘+1 = �̅�𝑥𝑦
𝑘+1(�̅�

𝑦
𝑘+1)

−1 
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𝑥𝑘+1 = �̅�𝑘+1 + 𝐾𝑘+1(�̃�𝑘+1 − �̅�𝑘+1) 

 

�̂�𝑘+1 = �̅�𝑘+1 − 𝐾𝑘+1�̅�
𝑥𝑦

𝑘+1𝐾
𝑇
𝑘+1 

 

where �̃�𝑘+1 is observed measurement vector and its dimension (𝑛 ×  1 ) (n is measurement 

number , 𝐾𝑘+1 is is gain matrix (𝐿 ×  𝑛), �̅�𝑘  is predicted measurement (𝑛 ×  1)  , �̅�𝑦
𝑘 is meas-

urement covariance matrix (𝑛 ×  𝑛)  , �̅�𝑥𝑦
𝑘 is cross covariance matrix (𝐿 ×  𝑛) . 

Figure 2 Unscented Kalman Filter Algorithm5 

Batch Least Square  

The batch least squares filter (LSQ) selects the estimate of state at a chosen epoch as the value 

that minimizes the sum of the squares of measurement residuals, and it is processed using an entire 

set of measurements simultaneously. So, the measurement function is written as1  

 

𝑌𝑘 =

[
 
 
 
 
 
 
𝑦1

𝑦2
𝑦3

.

.

.
𝑦𝑁]

 
 
 
 
 
 

=

[
 
 
 
 
 
 
𝐻(𝑥1)
𝐻(𝑥2)
𝐻(𝑥3)

.

.

.
𝐻(𝑥𝑁)]

 
 
 
 
 
 

+ 

[
 
 
 
 
 
 
𝑣1

𝑣2
𝑣3

.

.

.
𝑣𝑁]

 
 
 
 
 
 

 = 𝐻(𝑥𝑘) + 𝑉𝑘     𝑘 = 1,… ,𝑁 

 

(19) 

 

where 𝑁 is the number of measurement epochs and 𝐻 is measurement functions related to conver-

sion between states (𝑥𝑘) and  measurements. 𝑌𝑘 and 𝑉𝑘 represents entire set of each measurement 

and measurement noise, respectively. In batch least square approach, the dynamics of the unknown 

true orbit is linearized about the assumed reference orbit and given by 

 ∆�̇�𝑘 = 𝐹𝑘∆𝑥𝑘 (20) 

 

where F represents system functions related to equation of motion for satellite. 

 ∆𝑌𝑘 = 𝐻𝑘∆𝑥𝑘 + 𝑉𝑘 

 

(21) 

Then, the nonlinear orbit determination problem can be transformed to a linear problem about 

the state deviation (∆x). When we wish to estimate the state deviation vector ∆𝑥𝑘 at reference 

time, 𝑡𝑘, the best estimate value (∆�̂�𝑘) of state is expressed by the normal equation as follows1 

 ∆𝑥𝑘 = (𝐻𝑘𝑅𝑘
−1𝐻𝑘

𝑇)(𝐻𝑘𝑅𝑘
−1∆𝑧𝑘) 

∆�̂�𝑘 = (𝐻𝑘𝑅𝑘
−1𝐻𝑘

𝑇)−1 

(22) 

∆𝑥𝑘  and ∆�̂�𝑘 are the estimated differential correction of the state and covariance at the epoch 

time. The measurement residual, ∆𝑧𝑘, is the difference between the actual measurement and calcu-

lated measurement using numerical models. 𝑅𝑘 is the measurement noise covariance. 
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RESULTS AND DISCUSSION 

The approach presented above is examined through nonlinear simulations. The simulated refer-

ence orbit was first generated by integrating initial conditions of satellite. Then, truth position vec-

tors obtained from reference orbits were converted to azimuth, elevation and range measurements. 

A Gaussian white noise was added to each observation to simulate real measurements. Detailed 

orbit determination process was shown by a flowchart in Figure 3. 

 

Initial 
Conditions

True Azimuth 
Elevation 

Range 
Measurements

Simulated True 
Orbit

White 
Noise

Noisy 
Measurements

Gibbs Method
(Initial Orbit 

Determination)

Initial 
Conditions 

(Position and 
Velocity)

Nonlinear 
Batch Least 

Square

Improved 
Initial 

Conditions and 
Uncertainity  

Unscented 
Kalman Filter

Estimated 
Position 
Velocity

Covariance

True Position 
Velocity

Error and 
Uncertainty 

istatistics

Three 
Measurements

 
 

Figure 3. Orbit determination flow diagram 

 

GEO satellite one-day orbit determination 

In this section, GEO satellite was tracked with ground station for one day observation. Obser-

vation includes azimuth, elevation and range measurements with parameters shown at Table 1. In 

order to show effect of orbit determination strategy, realistic nonlinear satellite and observation 
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models were used. System dynamic models include two-body motion, 40x40 gravitational poten-

tial, luni-solar gravitational potential and solar radiation pressure.  

Table 1: Observation Parameters for GEO Case 

Observation Sites 
Ankara (39.920 , 32,854) 

Balıkesir (39.648 , 27.882) 

Angle measurement noise (1 sigma) 0.01 degree 

Range measurement noise (1 sigma) 10 meter 

Observation duration 24 hours 

Observation sample time Per 1 hour 

 
In analysis, initial conditions were obtained from Gibbs method by using first, middle and final 

measurements. Then, nonlinear least square method was applied to improve initial conditions and 

generate required covariance information. Finally, UKF was used to estimate desired orbit infor-

mation and covariance. In order to simulate process realistically, 30 separate Monte Carlo analysis 

was performed for all estimation steps.  

Table 2: Initial Orbit Determination Results for GEO Case 

 
Initial Position Error (km) Initial Velocity Error (m/s) 

Gibbs method  11.56 0.89 

Nonlinear Least Square 2.1 0.13 

 

Results for initial orbit determination are shown at Table 2. From the table it may be observed 

that Nonlinear Least Square method could dramatically reduce position and velocity error obtained 

from Gibbs method. UKF was initialized with initial orbit and covariance information taken from 

batch filter. Final orbit determination results obtained from UKF are shown in Figure 4. 

 
Figure 4. UKF position error for GEO satellite 
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GEO satellite can be observed continuously whole day with a ground station. For one-day arc 

observation cases, ground station located at Ankara was used to generate simulated measurements. 

Orbit estimation process was conducted with different observation duration and measurement 

intervals. To test the effect of observation duration, data was sampled at 1 hour intervals. Thus, 

when 24 samples were used in estimation, the observation period is 24 hours. Duration cases 

include 6, 12, 18 and 24 separate observation points. To test the effect of observation frequency 

same 24-hour observation period were sampled at different frequencies. These frequencies include 

15, 30, 60 and 120 minute measurement periods. These periods represent 96, 48, 24, 12 separate 

observation points. Results related the numerical experiment conducted to test observation duration 

are shown at Figure 5. It is clearly seen that when number of observation points are higher than 18, 

UKF could reduce position error to around 2 km. Results related to sampling frequencies is 

presented in Figure 6. From the figure it may be observed that increase in observation frequency 

results in more accurate orbit for GEO satellites. Orbit estimation accuracy below 1 km is achieved 

when measurements are used for every 15 minute. 

 

Figure 5 UKF position error for GEO duration case 
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 Figure 6 UKF position error for GEO frequency case 

 

 

GEO satellite two-day arc orbit determination 

In this section, two-day arc observation was used to estimate orbit information. When compared 

to one-day arc observation case, position error was reduced as seen in Figure 7. 

 

 

 Figure 7. UKF position error for GEO satellite for two-day observation 
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GEO satellite orbit determination with bias estimation 

In this section, a measurement bias was added to both angle and range information in order to 

simulate antenna pointing and ranging bias. The estimation process of bias includes several strate-

gies: 

 Estimate angle bias by using one observation site (az, el, range). 

o Gibbs method is applied to initial orbit determination 

o Estimate angle bias and initial covariance by using LSQ 

o Estimate position and velocity with bias corrected measurements. 

 Estimate angle and range bias by using two observation site (az, el, range-1, range-2). 

o Gibbs is applied to initial orbit determination 

o Estimate angle and range bias and initial covariance by using LSQ with second 

observation site 

o Estimate position and velocity with bias corrected measurements. 

 Estimate range bias by using two range observation. 

o Fixed error is added to initial orbit information. 

o Estimate range bias and initial covariance by using LSQ with second observa-

tion site 

o Estimate position and velocity with bias corrected measurements. 

These different cases is summarized in Table 3. The study is performed for all three cases for 24 

and 48 hour observation durations. 

Table 3 Observation strategy for orbit determination system 

Cases Description Ground Stations 

Case 1 
Azimuth and elevation bias     

estimated (24h /48h arc length) 

Ankara (angle and range : 1h   

interval) 

Case 2 

Azimuth and elevation and range 

bias estimated (24h /48h  arc 

length) 

Ankara (angle and range : 1h   

interval) 

Balıkesir (range: 1h interval) 

Case 3 
Range bias estimated (24h /48h   

arc length) 

Ankara (range : 1h interval) 

Balıkesir (range: 1h interval) 

 

Measurement bias information is given at Table 4. All bias are assumed to be constant. Random 

effects related to bias parameters are not included in analysis.  

Table 4: Measurement Bias Parameters  

Measurement Bias 
 

Angle bias (1 sigma) 0.02 degree 

Range bias (1 sigma) 10 meter 

 

Numerical experiment for Case-1 (48 hour) was carried out to clarify estimation process details. 

Measurement biases was added to simulated measurements. When Gibbs method was applied to 
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those measurements with bias. The obtained results were worse than bias-free case as expected 

(Table 5). Subsequently, the LSQ method was applied to eliminate effect of bias and improve initial 

orbit determination results. Results are shown in Table 5 and Table 6. Effective estimation of angle 

bias could reduce initial orbit error dramatically.   

Table 5: Initial Orbit Determination Results for Measurements with bias 

 

Initial Position Error 

(km) 

Initial Velocity Error (m/s) 

Gibbs method  27.31 1.53 

Nonlinear Least Square 2.04 0.154 

Table 6: Bias estimation result 

 

Azimuth Bias (de-

gree) 

Elevation Bias (degree) 

Real Bias  0.02  0.02  

Estimated 0.0218 0.0205 

 

After bias correction was applied to the measurement data, UKF was employed to estimate final 

orbit information. Similar estimation procedure was performed for Case-2 and Case-3. Overall es-

timation results are shown in Figure 8 and Figure 9. Case-2 includes range information from second 

ground station. It may clearly be seen that position error for Case-1 is approximately four times 

higher than those of Case-2 results. The estimation of range bias with external station significantly 

reduce position error. Case-3 only includes range measurements from two ground station. Only 

first range measurements include range bias. Second range information is assumed to be bias-free. 

As may be observed from Table 4, angle bias selected has a much higher effect on measurements 

than range bias. Therefore, with absence of angle measurements, range measurements could im-

prove orbit determination accuracy better as shown at Figure 8. 

 

Figure 8 UKF position error for GEO satellite for one-day observation with different cases  
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Figure 9  UKF position error for GEO satellite for two-day observation with different cases  

 

LEO satellite first track orbit determination 

 

The numerical experimentation results for a LEO satellite are presented in this section. First the 

LEO satellite was tracked with ground station for 180 seconds. Observation parameters are shown 

at Table 7. System dynamic models include two-body motion, 40x40 gravitational potential, luni-

solar gravitational potential and drag. 30 separate Monte Carlo simulation were carried out, and 

average of the estimated are presented. 

Table 7: Observation Parameters for LEO Case 

Observation Sites Ankara 

Angle measurement noise (1 sigma) 0.01 degree 

Range measurement noise (1 sigma) 10 meter 

Observation duration 180 seconds 

Observation sample time Per 1 second 

 

Herrick-Gibbs initial orbit determination method was applied for the LEO satellite case since 

Gibbs method is not suitable for short arc length observations. Results are shown in Table 8. 

Table 8: Initial Orbit Determination Results for LEO Case 

 

Initial Position Error 

(km) 

Initial Velocity Error (m/s) 

Herrick-Gibbs method  0.67 4.47 

Nonlinear Least Square 0.064 0.47 
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UKF position and velocity estimates results for the  LEO case are given in Figure 10 and Figure 

11, respectively. It  may be observed from these figures that UKF could keep the error around the 

initial condition error value obtained by the LSQ method. This shows that LSQ could give quite 

accurate initial conditions to initialize UKF such that UKF could not reduce error further effec-

tively.  

 

Figure 10. UKF position error for LEO satellite 

 

 

Figure 11. UKF velocity error for LEO satellite 

 

In order to show the effect of variable observation parameter on orbit determination, same analysis 

was conducted with different observation duration and observation frequency parameters. Obser-
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vation durations include 200,150, 100, 50, 25 seconds with 1 Hz observation frequency. Observa-

tion frequencies include 1, 0.5, 0.2, 0.01, 0.05 Hz for a fixed 200 second orbit duration. All of 

analysis was done for one-day observation. There was only one observation station. Results are 

shown in Figure 12-15. It may be observed from these figures that increasing the observation fre-

quency or duration in general reduces the position and velocity errors, since more data points are 

available.  

 

Figure 12 UKF position error for LEO duration case 

 

Figure 13 UKF velocity error for LEO duration case 
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Figure 14 UKF position error for LEO frequency case 

 

 

 

Figure 15 UKF velocity error for LEO frequency case 

 

LEO satellite second track orbit determination 

Second track estimation is applied to observations which are 24 hour apart from first track obser-

vations. First track estimation results were propagated along one day. Propagated orbit information 

was updated with another 180 second observations in the next day. Propagation errors are shown 

in Table 9.   
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Table 9: 24 hour propagation results for LEO Case 

 
Position Error (km) Velocity Error (m/s) 

Before propagation  0.05 0.456 

After 24 hour 12.92 13.87 

Estimation results are given in Figure 16 and Figure 17. It may clearly be seen that after one-day 

propagation, errors are better than first track estimation. 

 

Figure 16. Second track estimation UKF position error for LEO satellite 

 

Figure 17. Second track estimation UKF velocity error for LEO satellite 
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CONCLUSION 

In this work, orbit determination strategy for LEO and GEO satellites are presented. Nonlinear 

least square method can reduce initial orbit determination error significantly for both LEO and 

GEO case. It also provides covariance information necessary to initialize Unscented Kalman filter. 

The effects of the different observation duration and measurement sampling rates on orbit determi-

nation results are presented and compared for both LEO and GEO cases. Generally, increasing 

duration and measurement sampling rate improves position accuracy significantly. When there is 

measurement bias, this bias should also be included in the states to be estimated. Biased measure-

ment cases are carried out for GEO orbit estimation. Accurate bias estimation could effectively 

reduce position error.  LSQ method is useful to eliminate biases and to give better initial conditions 

for UKF. Range-only estimation process is quite powerful method to improve position accuracy 

compared to angle only methods. In addition, second-track estimation always improves orbit de-

termination results for both LEO and GEO cases since the number of measurements are doubled. 
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